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Three-Dimensional Unstructured Adaptive Multigrid
Scheme for the Euler Equations
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This paper presents a solution adaptive multigrid scheme for the three-dimensional Euler equations. The pro-
cedure begins with an initial coarse mesh and enriches this mesh by h-refinement in regions of high solution gra-
dient. This adaptive procedure is used to generate the multigrid levels required by the solver. New boundary
nodes are added in a way to reflect the underlying surface representation of the geometry. The h-refinement pro-
cedure is extremely fast and results in a scheme where only a small percentage of the overall CPU time is spent in
the meshing and refinement part of the algorithm. The multigrid flow solver typically reduces the CPU time by
an order of magnitude over the same case without multigrid. Initial mesh generation is achieved through the
destructuring of a structured mesh or use of the advancing front method. The algorithm is demonstrated on a
range of cases.

I. Introduction

THE use of an unstructured mesh for solving the Navier-Stokes
and Euler equations in two- and three-dimensional geometries

has proven very successful.1"5 The reasons for employing an un-
structured mesh approach to fluid flow problems are twofold: 1)
complex geometries can be meshed efficiently and with little user
intervention and 2) solution adaption is straightforward. The adap-
tion can be performed either through adaptively remeshing the ge-
ometry where the meshing parameters are based on the current
solution4 or through reinforcing the mesh by locally adding new
nodes (h-refinement).5 The latter approach is in general many times
faster and more robust than adaptive remeshing.

The multigrid solution acceleration scheme has been widely
used for structured meshes6 and has also proven successful for un-
structured meshes.2'7 With these techniques the multigrid levels
are obtained through repeatedly remeshing the entire geometry to
obtain successively finer meshes.

Multigrid schemes based on adaptive remeshing have three dis-
advantages. The first is that the mesh generation algorithm needs
to be robust and fast. If the scheme is not fast, the mesh generation
time can quickly exceed the solution time, and a lot of the benefit
of multigrid is lost. The second disadvantage relates to the diffi-
culty in computing transfer operators for the unstructured mesh.
As the meshes bear no relation to each other, this is a nontrivial
task. Complex coding is required to avoid an 0(n2) search. Finally,
unless the meshes are generated through solution adaption then a
large percentage of the nodes on the finer meshes may serve no
useful purpose.

The multigrid scheme presented in this paper overcomes the
cited disadvantages and is similar to the two-dimensional scheme
described in Ref. 8. The process begins with an initial coarse grid.
An initial solution is obtained on this grid. This solution is then ex-
amined to determine if the grid is sufficiently fine to resolve fea-
tures of interest. In regions where more resolution is required the
mesh is enhanced through h-refinement. This h-refinement is de-
scribed in Sec. III. A solution is obtained on this new grid. The
solve and refine process is repeated until some desired level of ac-
curacy is achieved. When using this approach the multigrid levels
are formed naturally by the refinement procedure. The construe -
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tion of the transfer operators is a simple task requiring a single
pass through the data. Full details of the multigrid scheme are pre-
sented in Sec. VII.

The h-refinement procedure is orders of magnitude faster and
more robust than remeshing. Typically, the h-refinement proce-
dure generates tetrahedra at the rate of 12,000 per CPU second on
an HP720 workstation using the current scheme. No attempt has
been made to optimize the algorithm. In contrast the widely used
advancing front grid generation method13 produces tetrahedra at
the rate of 33 per CPU second on the same workstation. These
CPU times are for a mesh of approximately 100,000 tetrahedra. It
is also worth noting that the CPU times will be of 6(ri) for h-refine-
ment and at best 0[n logO?)] for the advancing front scheme.

Results for a range of test cases are presented in Sec. VIII dem-
onstrating a reduction in CPU time by up to a factor of 10 over the
same case without multigrid. It is shown that the CPU time em-
ployed by the grid generator and refinement algorithm are small in
comparison with the overall CPU time.

II. Data Structures
Data structures are used to define the connectivity between vari-

ous geometrical entities in the computational grid. Four distinct
entities are considered: cells, faces, edges and nodes. A cell is the
tetrahedral element formed by four nodes. A cell has four triangu-
lar faces each of which has three edges. Each edge is associated
with the two nodes located at the ends of the edge.

Unfortunately the data structures required by the refinement al-
gorithm, flow solver, and postprocessor differ significantly. For
example, in the flow solver an edge-to-node pointer is used. In the
postprocessor a cell-to-node pointer is needed. In the refinement
algorithm a cell-to-face and a face-to-edge pointer is required. This
connectivity is needed because the decision to refine a cell or face
is based on the status of their component entities.

Obviously, it would be extremely inefficient to store all possible
connectivities. Instead the following hierarchical structure is
adopted:

cells
faces
edges

point to
point to
point to

4 faces
3 edges
2 nodes

If the connectivity between cells and nodes is required (for the post-
processor) then the data structure is traversed down through the hi-
erarchy first to faces, then to edges, and finally to nodes. By adopt-
ing these hierarchical data structures it is a simple matter to derive
the connectivity between any two entities in the grid; all that is re-
quired is a single pass through the data structures.
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III. Adaptive Refinement
Refinement is invoked after an error measure has fallen below

some threshold. The two error measures used are the nodal values
of the maximum and average change in velocity.

An edge is tagged for refinement if the normalized first differ-
ence of the static pressure, total pressure, or velocity between the
nodes at the ends of the edge exceeds some user defined threshold.
The threshold values are typically between 1 and 15%. To prevent
endless refinement at shocks a lower limit on edge length is set.
Any edge whose length falls below this threshold cannot be re-
fined further.

Before describing the three-dimensional refinement algorithm it
is instructive to consider the process in two dimensions.

A. Two-Dimensional Refinement
The refinement process begins with a computational grid and a

list of edges tagged for refinement. For a triangular face there are
three possibilities: one, two, or three edges may be tagged. Figure
1 shows how the face is divided according to how many edges are
tagged. The new nodes are inserted at the midpoint of the edges
which are refined. In Fig. la the face is said to be partially refined.
In Figs. Ib and Ic the face is said to be fully refined. It should be
noted that when two edges are refined then refinement of the third
is forced. This is done to reduce the number of possible face divi-
sions to two. This choice suggests the first rule of refinement.

Rule 1: If two edges of a face have been refined then refine the
third.

This rule significantly reduces the number of possible cell divi-
sions in three dimensions.

If only one edge is tagged, then the face is split into two as seen
in Fig. 2a. Therefore, it is possible for successive refinement steps
to increase the aspect ratio of the new faces as illustrated in Figs.
2b and 2c. Further refinement of these faces can lead to a chaotic
irregular mesh. For many numerical schemes this chaotic mesh
will have an undesirable influence on solution quality. To avoid
this property, where the solution quality would diminish as refine-
ment progresses, the first split of the face (Fig. 2a) is considered
temporary and is only made to provide a valid grid for use by the
solver. It is not made by the refinement algorithm. The refinement
algorithm is now modified so as to force the full refinement of a
face if any edge has been refined twice. The effect of this modifi-
cation on Fig. 2 is illustrated in Fig. 3.

To implement this change, the concept of parents and children is
introduced. An edge on refinement has two children; if either of
these child edges are refined, then the original edge has grandchil-

a)

b)

c)

Fig. 1 Possible face divisions.

b) c)
Fig. 3 Modified refinement scheme.

a) b)
Fig. 2 Possible face refinements.

c)

Cases
Fig. 4 Three possible tetrahedral refinement cases.

dren. This idea of parents and children leads to the second rule of
refinement which may be stated as follows.

Rule 2: If any edge of a face has grandchildren then refine all
edges of the face.

In a typical grid the result of applying the refinement rules will
be to refine edges and faces that were not initially tagged for re-
finement. To ensure that all of the desired refinement takes place,
repeated loops through the data structures are made applying the
rules until no further change takes place.

B. Three-Dimensional Refinement
In three dimensions the refinement strategy remains the same.

The procedure begins with a computational grid of tetrahedra and
a list of edges tagged for refinement. For each tetrahedral cell be-
tween one and six edges may be tagged leading to many possible
ways of dividing the cell. This number can be reduced to manage-
able levels by the repeated application of rule 1 to each face of the
cell. The number of possible cell splits is then reduced to the three
cases illustrated in Fig. 4. In case 1 only one edge has been refined,
and a new node added at the center of the edge. The cell is split
into two. In case 2 one face has been fully refined, and the cell is
split into four. Finally, in case 3 all faces of the cell have been fully
refined, and the cell is split into eight new cells. It is arbitrary how
to place the diagonal at the center of the refined cell in case 3, so as
to maintain the highest quality grid the shortest of the three possi-
bilities is chosen. References 9 and 10 use identical cell splits but
obtain them by different methods.

The cell aspect ratio may be defined to be the ratio of the cir-
cumsphere radius defined by the nodes of the cell to the inner
sphere radius. The inner sphere is the largest sphere which will fit
inside the tetrahedron. This ratio is normalized so that an equilat-
eral tetrahedron has an aspect ratio of unity.

With the case 3 split, the four inner children cells will have a
different and possibly worse aspect ratio than their parent cell. The
other children cells will have an aspect ratio identical to their par-
ent. Initially, it may appear that successive refinement could cause
the aspect ratios to deteriorate. However, numerical experimenta-
tion with a variety of tetrahedra leads to the conclusion that after
any number of refinements the aspect ratios of the tetrahedra do
not deteriorate and get no worse than the worst aspect ratio of the
eight tetrahedra after the first refinement.

There is one case which will not be removed by repeated appli-
cation of rule 1. In this case two opposite edges have been tagged.
To reduce this case to one of the three allowable splits shown in
Fig. 4, full refinement of the cell (case 3) is forced. The removal of
this case becomes refinement rule 3.
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Level 1 level 2 level 3

Fig. 5 Multigrid levels using clipping.

Level 1 level 2 level 3

Fig. 6 Multigrid levels using push down.

Rule 3: If two opposite edges of a cell have been refined then re-
fine the cell.

As with two-dimensional face refinement, it is undesirable to
have high aspect ratio cells appearing in the grid as a result of the
refinement process. To prevent this occurring a similar procedure
is adopted to that used in two dimensions. The case 1 and case 2
splits shown in Fig. 4 are regarded as being temporary and are only
made prior to producing a valid grid for use by the solver. The as-
sociated cells and faces from these temporary splits do not exist in
the structures used by the refinement algorithm. Again the idea of
parents and children is introduced. If the refined edge in case 1 was
to be refined again, then initially it may appear that high aspect
ratio cells would result. However, application of rule 2 will force
the refinement of the two faces adjacent to this edge and the subse-
quent application of rule 1 will fully refine the cell. Considering
case 2, if any child edge of the refined face is itself tagged for re-
finement, then high aspect ratio cells will result. Refinement rule 2
will prevent the occurrence of high aspect ratio cells if any edge of
the parent face has grandchildren. However, if any of the edges
surrounding the central child face are refined none of the current
refinement rules will force full refinement of the cell. To ensure
full refinement of the cell the final rule may be written as follows.

Rule 4: If any face of the cell has a child face that points to a re-
fined edge then fully refine the cell.

It will be noted that due to the hierarchical data structures em-
ployed it is straightforward to apply the four refinement rules.

As the refinement of the grid takes place, new entities are cre-
ated. These are added to the existing data structures described in
Sec. II. When the refinement process is completed the data struc-
tures contain the original grid together with all of the new entities.
This approach of keeping all of the meshes is crucial for the effi-
cient implementation of multigrid described in Sec. VII and dere-
finement described in Sec. V.

IV. Surface Representation
If the boundaries of the computational domain are nonplanar, it

is not sufficient to place the new nodes at the center of the parent
edge as is done with all other new nodes. If this is done, a faceted
representation of the original geometry will result. What must be
done instead is to move the node from this approximate location
onto the boundary.

Three-dimensional solid modelers typically represent an object
as a series of geometric surfaces bounded by geometric edges.
These geometric entities have an associated integer identifier. It is
assumed that both nodes of a boundary edge of the mesh lie in the
same geometric edge or surface. In addition, it is assumed that the
geometric edges and surfaces may be represented in parametric
form.

To make the snapping procedure efficient the parametric loca-
tions of the nodes at the ends of the edge in the geometric surface
and/or edge are stored together with the surface and/or edge identi-
fier. It is then a simple matter to average these parametric coordi-
nates and interrogate the surface modeler to obtain the physical lo-
cation of the new node.

V. Derefinement
The ability to derefine a computational grid can be advanta-

geous for a variety of reasons. Consider a case where a solution
feature appears initially in an incorrect location due to truncation
error caused by an insufficiently fine grid. The adaption process
will immediately begin to place nodes in that location. However,
as the solution develops this feature will move to its correct loca-
tion, and the initial points serve no useful purpose and may be re-
moved from the grid. Another use for a derefinement procedure is
to use it to generate the multigrid levels required by the flow
solver. This procedure is described in Sec. VLB.

The process of derefinement begins by tagging entities as candi-
dates for removal (derefinement) from the grid. An edge is tagged
for derefinement if the normalized first differences (described in
Sec. Ill) fall significantly below the refinement threshold, typically
if the difference is less than 25% of the threshold. Refinement tags
always override derefinement tags. This tagging can be done con-
currently with the refinement tagging. The next step is to tag enti-
ties for deletion from the grid. A cell or face is tagged as deletable
if all of its siblings are tagged for derefinement. The parent entity
is then said to be provisionally refined.

The refinement process described in Sec. Ill now takes place.
During this procedure the conflicting situation may arise where a
refinement rule would force refinement of a provisionally refined
entity. Refinement is deemed to take priority over derefinement,
and the provisionally refined tag on the parent entity and the dele-
table tags on the children entities are removed. The final step is to
purge all cells (together with their edges faces and nodes) that re-
main tagged as deletable from the grid.'

VI. Multilevel Data Structures
During the multigrid procedure it is required that time steps be

performed on a variety of meshes of differing resolution. This sec-
tion deals with the extraction of the various multigrid levels from
the data structure. The movement of the residuals and solution be-
tween the meshes is described in Sec. VII.

Obviously, the coarsest mesh is the starting mesh prior to any
refinement. The finest mesh can be quickly derived by only con-
sidering those entities with no children after any temporary splits
have been made. The question of how the intermediate levels are
derived is now addressed. Two possible algorithms are considered:
clipping and push down.

A. Clipping
With this approach every entity is assigned a level. Cells are as-

signed levels as follows: cells on the initial grid are at level 1; their
children are at level 2; their grandchildren are at level 3, and so on.

e list pointers to
Level 1 edges

pointers to
Level 2 edges

pointers to
Level 3 edges

pointers to
Level 4 edges

t t t t
e_f r s t ( l ) e_ f r s t (2 ) e_f r s t (3 ) e _ f r s t ( 4 )

Fig. 7 e _ list and e _ frst pointers.

O Nodes on level m

Nodes on levels m and
m-1

Fig. 8 Interpolation of the changes from level m—1 to level m.
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Faces and edges are assigned the level of the lowest level of the
entity that points to it. Note that the finest mesh may contain enti-
ties with levels between 1 and m, where m is the highest level en-
tity in the mesh.

To compute the various multigrid levels the algorithm begins
with the finest mesh. To compute the next coarser mesh all entities
with level m are removed. This clipping procedure is repeated until
the initial mesh is recovered. Figure 5 illustrates the various multi-
grid levels for a simple two-dimensional mesh.

B. Push Down
An alternative procedure for generating the multigrid levels uses

the derefinement algorithm described in Sec. V. Again the algo-
rithm begins with the finest level mesh. Every entity is then tagged
for derefinement, and the derefinement algorithm called. This
method will coarsen the mesh as quickly as possible. Figure 6 il-
lustrates the push-down algorithm on the two-dimensional case
shown in Fig. 5. Note the change in multigrid level 2. The advan-
tage of using this method over clipping is that the lower multigrid
levels will have significantly fewer nodes and, hence, the time
stepping will require less CPU time. Thus, the multigrid scheme
on a push-down mesh will require less CPU time than a clipping
mesh for the same level of convergence. This will be demonstrated
in Sec. VIII.

C. Data Structures
Having decided which entities comprise a given level, a suitable

data structure is required to store this information. A pointer is em-

Table 1 Comparison of mesh sizes for
push down and clipping

Fig. 9 Initial mesh for biconvex case.

Level
1
2
3
4
5
6

Push down
63

179
517

1,535
4,431

19,414

Clipping
63

325
1,287
4,650

12,061
19,414

-2.0
•—• No multigrid

Multigrid (clipping)
Multigrid (push down)

-5.0 L
0.0 0.2 0.4 0.6 0.8

Work
Fig. 11 Convergence rates for biconvex case.

Fig. 10 Final mesh for biconvex case.

ployed. The pseudocode to obtain the edges ie and their nodes jl,
j2 of level m would look like

do iep = e_frst (m), e_frst (m +1) 21
ie = e_list(iep)

jl=ntabe(l,ie)
j2 = ntabe(2, ie)

end do
where ntabe is the edge-to-node pointer. The structure of the point-
ers e_list and e_frst is illustrated in Fig. 7 for a grid with four levels.
Note that the same edge may appear at different levels. A similar
structure is employed for cells and faces.

Using this pointer structure, there is no duplication of informa-
tion. For example, if a cell exists at all multigrid levels, then the
data for that cell is stored only once.

VII. Multigrid Flow Solver
The multigrid flow solver uses a Runge-Kutta time marching

procedure with an adaptive blend of second- and fourth-order
smoothing similar to that of Ref. 1. The solution variables are
stored at the vertices of the mesh. Residual averaging and enthalpy
damping were not used.

Usually, a face based scheme is used for the residual calcula-
tion.1'3 With this scheme the control volumes surrounding each
node are comprised of all of the tetrahedra containing that node.
These control volumes overlap. The residual for the control vol-
ume is then evaluated by computing the flux through each face in
the mesh and accumulating this flux to the two nodes on either side
of the face. An alternative and more computationally efficient
scheme is one based on edges.2 Here, an area is associated with
each edge and the flux computed through this area is accumulated
to the nodes at either end of the edge. It can be shown that this
scheme yields an identical flux balance to the face-based scheme if
suitable modifications are made near boundaries. The smoothing
residuals and time steps may also be computed using this edge-
based data structure. It is this edge-based scheme which is adopted
in the current work.

The multigrid operations that are needed are restriction of the
net fluxes and interpolation of the changes. Interpolation of the
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Fig. 12 Initial inlet mesh.

Fig. 13 Final inlet mesh.

changes is simple. Sets of parent/child edges are identified in the
data structure for which the parent is on grid m—1, and the two
children are on grid m. Changes are then interpolated from the con-
trol volumes on level m—lto control volumes on level m as shown
in Fig. 8. No interpolation coefficients need be stored, and only
simple integer pointer tables, easily derived from the data struc-
ture, are required.

The algorithm for restricting the net fluxes from grid m to grid
m—l should have the following properties:

1) If the fluxes on grid m are zero, the restricted fluxes on grid
m—l should be zero.

2) The restriction should be conservative.
3) If the solution is sufficiently smooth, the fluxes restricted

from grid m to grid m—l should be approximately equal to the
fluxes computed on grid m— I .

Properties 1 and 2 are achieved if the scheme used for interpo-
lating the changes is employed. All that is required is to reverse the
direction of the arrows in Fig. 8 and to distribute the fluxes from
the control volumes on level m to the control volumes on level
m— 1. It is also necessary to send the flux from the control volume
on level m to the control volume on level m—l that shares the

same node, with a weight of unity. Property 3 is not always
achieved. It is satisfied if the grid at level m is a full refinement of
the grid at level m—l. The price that is paid for failing to achieve
property 3 on a general grid is unknown.

A simple V cycle is used. Single time steps are performed both
on the way .down from fine to coarse grids, and on the way back
up, as the coarse grid changes are interpolated. A three-step
scheme (coefficients 0.6, 0.6, and 1) is used, rather than a four- or
five-step scheme, because of the higher temporal damping of the
three-step scheme. Since a vertex scheme is used, in which the
boundary conditions partly override the results of the flux calcula-
tions at the half-control volumes on the boundary, care has to be
taken that the forcing functions are computed on the boundary in
such a way that the multigrid solution converges to within round-
off to the solution obtained on the fine grid alone. The overall stor-
age requirements for the solver is approximately 100 words per
node.

VIII. Results
In this section results from two different test cases are presented.

The first is a simple annular cascade of biconvex airfoils and
serves to demonstrate the multigrid procedure. The second is the
more complex case of flow around an engine inlet and demon-
strates the applicability of the algorithm to complex three-dimen-
sional geometries.

A. Biconvex Cascade
The first case is a annular cascade of constant section biconvex

airfoils. For an inlet Mach number of 0.6 the flow is transonic with
a shock running from hub to tip on the blade surface. Periodic
boundary conditions are applied upstream and downstream of the
blade. Surface representation was achieved through the use of bi-
quadratic patches.

The initial mesh was generated by destructuring an existing
structured mesh. The coarsest level was 3 X 3 X 7 . This coarse
mesh was chosen to provide the maximum possible benefit from
the multigrid algorithm. This mesh was then globally refined twice
to a mesh containing 2025 nodes. The solve and refine cycle was
then begun on this mesh. Three refinements were made to give a
final mesh of 19,414 nodes (102,526 tetrahedra) which has six
multigrid levels. Figures 9 and 10 show the initial and final meshes

150.0 200.0 250.0
Axial Distance (in)

1.2
1.0
0.8
0.6
0.4

0.2

0.0
100.0 150.0 200.0 250.C

Axial Distance (in)

Fig. 14 Comparison of surface Mach number with test data at cruise
a = 4.0.



CONNELL AND HOLMES: MULTIGRID SCHEME FOR EULER EQUATIONS 1631

100.0

1
1.0
0.8
o.e
0.4

0.2

Side cut

100.0 150.0 200.0 250.0
Axial Distance (in)

1.2
1.0
0.8
06
0.4
0.2
on

I
^X-^ —

Keel cut

\r ^^"
100.0 150.0 200.0 250.C

Axial Distance (in)

Fig. 15 Comparison of surface Mach number with test data at takeoff
a = 20.0.

for this case. It can be clearly seen that refinement has taken place
in the region of the shock.

To demonstrate the effectiveness of the multigrid algorithm the
flow solver was run on the final mesh with and without multigrid.
When using multigrid the effect of using the push-down or clip-
ping algorithm to generate the levels was also investigated. Table 1
illustrates the differing mesh sizes at the various levels using these
two techniques. As expected the push-down procedure coarsens
the mesh more rapidly and results in a scheme requiring the least
CPU time as shown in Fig. 11. The push-down and clipping
schemes reduce the CPU time by factors of 13.7 and 5.9, respec-
tively, over the same case without multigrid.

For push down or clipping approximately 100 multigrid cycles
are required for convergence. This is because the convergence rate
in both cases is governed by that on the coarsest grid. The differ-
ence in CPU time arises from the additional work required on the
coarser levels for clipping.

The mesh refinement part of the algorithm consumes less than
2% of the flow solver CPU time of 1020 s (HP720). An estimate
may be made of the grid generation time if the advancing front al-
gorithm was used to generate each multigrid level. Experience
with the advancing front algorithm indicates a tetrahedral genera-
tion rate of 33 per CPU second. If this is assumed for all of the
meshes, then the mesh generation time is estimated to be almost
four times the current flow solver CPU time! The meshes have
144, 636, 2,085,6,868,21,251, and 102,526 tetrahedra.

B. Isolated Engine Inlet
The next case is an isolated inlet with a center body. This case

was run at two angles of attack representing takeoff and cruise
conditions. The initial mesh for this case was generated by the ad-
vancing front algorithm13 and is shown in Fig. 12. This mesh con-
tained 3536 nodes. The mesh after three refinement cycles for the
cruise condition is shown in Fig. 13. This mesh contained 61,002
nodes. The surface modeler, which was supplied with the mesh
generator, was used to correctly place the new boundary nodes.

Through testing the advancing front algorithm13 on a variety of
geometries it has been found that it has a tendency to produce a
few sliver tetrahedra.11 During the refinement process these flat

cells cause no problem in the interior of the mesh. However, for
cells with two or more boundary nodes it is possible for the chil-
dren cells to have a negative volume due to the node snapping pro-
cedure. These sliver cells were purged from the mesh and some re-
connecting done in their vicinity to produce a valid mesh. For the
initial mesh in Fig. 12,14 cells were removed.

Figures 14 and 15 show the comparison of ideal Mach number
with experimental data for three cuts through the geometry for the
two different angles of attack. The agreement with test data is ex-
cellent with the shocks on the side cut (a = 4.0) and keel cut
(a = 20.0) well resolved by the refinement procedure. The push-
down procedure was used to generate the multigrid levels.

To ensure that a relatively mesh independent solution had been
achieved further mesh refinement was allowed. No significant
change in the numerical solution were observed.

Total solver CPU time for this case was 7300 s (HP720) with
the initial mesh generation taking 210s and the refinement process
83 s. Again, an estimate may be made of the grid generation time if
the advancing front algorithm was used to generate each multigrid
level. This estimate leads to a mesh generation time of 20,000 s.
The meshes have 17,166, 84,432,257,431, and 334,088 tetrahedra.

IX. Conclusions
A multigrid numerical scheme for solving the Euler equations

has been presented. The multigrid levels evolve naturally from the
solution adaptive h-refinement procedure used. The use of an h-re-
finement procedure removes much of the mesh generation over-
head associated with an adaptive remeshing approach. In the cur-
rent scheme the initial mesh generation and refinement parts of the
algorithm account for only a few percent of the overall CPU time.
In contrast with adaptive remeshing, the mesh generation time can
account for the majority of the overall CPU time.

The refinement and multigrid algorithm are efficient on both
CPU time and memory. This makes solutions to three-dimensional
geometries tractable on a workstation.

The solution adaptive multigrid scheme has been demonstrated
on two geometries and gives CPU reductions comparable to a
structured multigrid approach.

X. Future Work
The obvious next step is to include the viscous terms and a suit-

able turbulence model in the algorithm. This has already been done
for a similar algorithm in two dimensions12 using the k-e and Bald-
win-Lomax turbulence models. The key to obtaining efficient
high-quality viscous solutions is the use of a quadrilateral mesh (in
two dimensions) and a prismatic mesh (in three dimensions) in the
near wall region. These mesh types allow the one-dimensional re-
finement necessary to efficiently resolve the one-dimensional gra-
dients in boundary layers.

The initial mesh has to be fine enough to resolve all of the fea-
tures of the geometry. If this is not so, it is possible for the node
snapping procedure to produce a crossed over mesh. This restric-
tion prevents the full benefit of multigrid being realized on com-
plex geometries as a relatively fine initial mesh has to be used.
Work in this area to allow a much coarser initial mesh would be
beneficial.

In the leading-edge region of the inlet the flow gradients are es-
sentially one dimensional. With the advancing front mesh genera-
tion technique the tetrahedra are formed to be as close to equilat-
eral as possible. This results in a mesh which is very uniform in the
leading-edge region. The current refinement algorithm preserves
this uniform mesh and, hence, is rather wasteful on points in this
region. Work on producing a initial mesh which is stretched to
align with regions such as leading edges would result in a more ef-
ficient algorithm.
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